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Effect of a Wavy Bottom on Kelvin-Helmholtz Instability
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The linearized Kelvin-Helmholtz free surface instability is investigated for the case where the
upper fluid is bounded and streaming with a velocity U, and the lower fluid is at rest and bounded
by a sinusoidal bottom. A vortex sheet model is formulated, and a perturbation solution in the bot-
tom amplitude is developed in which the time variable is strained. For any given set of physical pa-
rameters, it is found that flat-bottom stability implies wavy-bottom stability, except for a discrete
set of exceptional wave numbers, for which no conclusion regarding stability can be drawn from the

present analysis.
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A, = coefficient matrix, see Eq. (26)
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2(x, t) —q(& t)

column vector, see Eq. (26)

mean undisturbed depth

vorticity perturbation, see Eq. (8)

= acceleration of gravity

= column vector (g, h, g) transpose

= jth coefficient in X-expansion of g, see Eq. (16)
= column vector of g, h, g amplitudes, see Eq. (21)
= free surface perturbation, see Eq. (8)

= (—1)/2 and dummy index

I; = velocity perturbations (j = 1, 2, 3), see Egs. (9-12)
I; = jth coefficient in A-expansion of [;, see Eq. (18)
rI;» = the part of [,® involving g

k = wave number

p = pressure
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sgnk = +1ifk>0and —1if k<0

t = time

T = surface tension

u, v = x, y velocity components (total), respectively
U = freestream velocity of upper fluid

U, = critical velocity for flat bottom (X = 0) case, see Eq. (25)
x, y = Cartesian coordinates

B; = straining coefficients in Eq. (17)

¥ = free surface circulation per unit x-length
8 = density ratiop*/p~

€ = small parameter, see Eq. (8)

n = free surface deflection

k  =(p~—p*)/(p~ +pt)

A = amplitude of wavy bottom

v = nondimensional parameter, T/(p~g d?)
£ = dummy x-variable

p = fluid density

4 = disturbance frequency

T strained time variable, see Eq. (17)

@ frequency of wavy bottom

+ and — refers to upper and lower fluids
-) bar denotes reference to wavy bottom
)*¥ = * denotes nondimensionization

-~
[3
i nn

——

Introduction

THE classical Kelvin-Helmholtz instability*-? occurs at
the interface between two plane uniformly streaming
flows of incompressible inviscid fluids in the presence of a
downward gravity field g and surface tension T. It is
found that with respect to a freesurface disturbance of
the form expi (kx — ot) (disturbances parallel to the
stream being found to be the most destructive), the flow
will be stable if
o< 8 ) - P+ P
w -op=8 PEoPh e B ()
where U+, U~ are the upper and lower freestream veloci-
ties and p*, p~ are the two (uniform) densities.

Motivated partly by an interest in air-sea interaction
phenomena and two-phase flow in ducts, the original
analysis was subsequently extended to account for upper
and lower plane boundaries3-¢ as well as nonuniform ve-
locity and density distributions.5-7

In the present paper we consider instead the effect of a
more complicated wall geometry. Specifically, we will
consider the fluid to be unbounded above, and bounded
below by a sinusoidal bottom of amplitude A and frequen-
¢y w (Fig. 1), where A need not be small compared to the
mean depth d. So that the unperturbed free surface will
be flat, we choose U~ = 0, and simply call U+ =U.

Although it is not essential, it will be convenient to fol-
low the vortex sheet approach of Zaroodny and
Greenberg,® whereby the unknowns are the free surface
deflection n(x,t) and the circulation per unit x-length
v(x,t) and v{x,t) on the free surface § and bottom § , respec-
tively; this automatically ensures the Laplacian nature of
the upper and lower flows, as well as the requirement that
the normal velocity be continuous across 8. It remains,
then, to satisfy the kinematic free surface condition

N+ un,=v (2)
Y
vt=u 19
S — 5
X
—
u=0 ‘
L -
a Y (x,t)
7

Fig. 1 Geometry and vortex sheets.
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on 8, the dynamic condition
p*=p" = Tn,(1 + n,%)3/?
or [as developed in Ref. 8]

yet @), =5 {Cl, — CSynL) + 4y + wan)

2T
+ 4, (v, + uv,) + 4gn,] - T 2)3/2} (3)

p*+ p L1 + 7,

on §, and the tangent flow condition

7= 2u(l + 7,2) @)
on §, where u,v are the x,y velocity components, p is the
pressure, « = (p~ — p+)/(p~ + p*), & is the x-velocity on

g., and C,S are short for cos{(tan—17,), sin(tan—1xy), respec-
tively. Equations (2-4) are three equations in the three
unknowns 7,1,y where u,v on $, and & on § are given by

U 1 = B
)= = +— Y
wol) =5 +97 ) {AT—MB

~c0

yld + nx,t) = 7(x)]
T AT+ nxn) —77(96)]2}dg ®)
_ _1_ * vA YA
vint) = 5 f_w{AZ v B T AT [t nlh) —77(96)]2}(1E
(6)

vl + n0t) —m(0)]
AY 4+ [d + n(x,1) ~7}(x)]2}dg 7

with A = £ — x, B = n(x,t) — n(£t) and B = #(x) — #(£);
the dummy variable £ is understood where omitted, e.g., v
denotes (&, t) rather than y(x,t).

Nondimensionalization

We nondimensionalize all velocities, v and ¥ with re-
spect to (gd)1/2, all lengths with respect to the mean depth
d, and time with respect to (d/g)/2. Thus,

v* = v/ (gd)' 2, g* = g/(@d)'?, u* = u/(gd)'?, v*
= U/(gd)1/2)
x* = x/d, &% =E/d, n* =n/d, A¥=A/d, B* = B/d,
A¥ = )\/d, w* — wd, * = (g/d)l/zt

and so on. From here on the asterisks will be dropped, for
simplicity, and all quantities will be understood to be
nondimensionalized.

The parameters that arise are

5 =p*/p” and v = T/(p"8d%)

Stability Analysis
To investigate the infinitesimal stability we perturb the
base values vy = U, n = 4 = 0 according to

y=U+ egx,t)
7 = eh(x,t) (8)

v = eg(xt)
To within 0(e),
w=U/2 + eIy, v=cl, u=el (9)
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where
1 - (U[n(x,t) — k] 2(1 — X sinw#) }
=5, f_w{ A? Y AT 1 - smwb)f %

(10)

=L e gA }
b=, I_W{A t ATy (1 — sinwé)? g (11)
1 f‘*‘{ 2UR(1 — A sinwx)?

27 Y AT+ (1 —a sinwx VP

_ Uk + g(1 ) sinwx) 2g (sinwx — sinwé) } :
A% + (1 - sinwx)? A? + X (sinwx — sinwf )?

I3

(12)

Inserting Eqgs. (8) and (9) into Egs. (2-4) and lineariz-
ing in e yields the equations

U 2y ) B
g: + E(l —K)g, — 2kh, + (1 3 Hoew = 25(14);

—UQ —x)Iy),  (18)

hy + %hx =1 (14)
g=2L01+77 (15)

on the three perturbation quantities. To solve, we express

g = go(x,7) + agy(x,7) + Ngy(x,7) + ... (16)
T=(1+ B2+ Bt + ... ) (17)
where g is the column vector (g,h,g) transpose and 7 is a

strained time variable, the straining being needed to regu-
larize the perturbation scheme. We have anticipated that

B1 = B3 = ... = 0; this will be explained following Eq.
(226f course we need to expand I4,/3,/3 in terms of A

=10+ e a2+ ... (18)

A typical term I;* involves components of go,g1, . . . ,gn.

Letting "I;* denote the part of [, involving g,, we have

I" = 2071,." (19)
Inserting Egs. (16-18) into Egs. (13-15) and equating
powers of A leads to the final equations on gj,

U 2v >
Enr t 2 (1 K)gnx 2Khnx + (m hnxxx

—{2K8—8T ~ U1 - K)a—i}("l{') = {Zxa%

n-1

-uQ —K)%} EO I+ (B —gpn) -

+ Bl - g.) ) (202)

n-1
U n
+ gl L = Zg I~ (Bylineg oo+ Biltneils

hn-r 2

(20b)

n-1
g, —20L") =2 Z)_O’I; + 2wt ;"% cosPwx  (20¢)
where i = nif niseven, and n — 1if nis odd.

As is customary, we impose discrete disturbances of the
form expi(kx — o7) on the flow

8n= ]Z;HG,," expillk + jw)x — o7] (21)
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where the additional jw harmonics are necessitated by the
forcing terms on the right hand side of Eq. (20). These
disturbances will be stable if and only if

Ifo{l + B2 +...)] =0 (22)

Observe that changing the sign of A is merely equivalent
to translating the x,y coordinate system to the right or left
by 7/w, and surely this cannot affect the stability. Thus,
odd powers of A should not be present in Eq. (22), and
this is why we omitted them back in Eq. (17).

For n = 0 the system Eq. (20) is homogeneous, and in-
sertion of Eq. (21) leads to the matrix equation

AG =0 (23)
where Ag is the matrix

UN1 - k) 1k | + 2xUosgnk

- 2;" + (1 - KU — 4k ~ 4vEE/(1 + 6) [2—}:‘9 + (1 —)Ule™™
sgnk 20 — Uk e s gnk
o8] —Ulkle™™ 1

The requirement that detAg = 0 provides a quadratic
equation in ¢. Solving, we find that the allowable ¢’s, cor-
responding to the wave number k&, are given by

8U + {(U,2 — U5 cothlk|}/2

o
P cothlk| + & (24)
where
o _ (cothlk| + 8)(1 — 6 + vk?)
U = 51k coth %] (25)
Results

From Eq. (24), we see that for the flat bottom case,
where A = 0, the stability condition Eq. (22) reduces sim-
ply to U < Us, in agreement with Refs. 3 and 4. We
might just note that the effect of the bottom is destabiliz-
ing, with the minimum U} occurring (for a given k) as d
— 0, as could be seen if we wrote the dimensional version
of Eq. (25). For A # 0, of course, we need to know the
B;’s. We therefore return to Eq. (20) and consider n =
L2,....

For each n, equating harmonics breaks the system into
a set of matrix equations

AGT = C’, r=0 +1,..., *n (26)

For the scheme to remain regular it is sufficient that the
matrices A, be nonsingular for r # 0 and, since we al-
ready know that zero is an eigenvalue of A,, it is suffi-
cient that C,° be orthogonal to the eigenvector Go° for
each n = 1,2, . . . . If we denote any two rows (say the sec-
ond and third) of Ap as P and Q, then G¢® must be propor-
tional to P X Q, so that we need

C)G =CMPxQ=0forn=12... (27

This will be found to be satisfied identically for n =
1,3,5,. . . ;forn=24, .. . it provides the recipe for evalu-
ating 82,84, . . ., in turn.

Whereas the details of the calculation are tedious (Ap-
pendix), we find that C,® is a linear combination of
Gn-12,Gr-37, . . . terms with imaginary coefficients, and
Gn-27,Gn-4?, . .. terms with real coefficients, and that G¢?,
G1P, . . . are alternately purely real and imaginary. It fol-
lows that the left hand side of Eq. (27) either contains no
i’s at all, or else contains an i factor in each term—which
therefore cancel. Thus Eq. (27) yields 8, as a real-valued
function of ¢, k, the previous 8;’s (i.e., j < n), and the var-
ious physical parameters. We conclude that if ¢ is real
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Fig.2 o-(k)for U =1/(2)1/2and v = 0.05.

then all the B8,’s are too, so that flat-bottom stability
implies wavy-bottom stability. More precisely, if for .a
given wave number k the velocity U is such that the free
surface is stable in the presence of a flat bottom at depth
1, then it will also be stable for a wavy bottom % = A
sinwx at an average depth 1, for all w and X (of course |A|
<1).

Actually, before drawing this conclusion we were sup-
posed to also check to see that the A,’s are all nonsingu-
lar, forr = 1, £2, . . . . Expressing

detA, = a(k)o® (k) + b(R)ok) + c(k) = 0  (28)
it is found that
detA, = alk + rw)o? (&) + bk + rw)olk) + ¢k + rw)
(29)

Replacing k& in Eq. (28) by k& + rw and subtracting from
Eq. (29) yields the more convenient form

detA, = [o(k) — ok + rw)Katk + r)lok) + olk + rw)]
+ bk + vw)} (30)
where
alk) = —4(1 + ke ") /k }
b(k) = 4U(1 — k)(1 — e™2*Y)

Considering 6 — 0, for simplicity, we see that b — 0, a
# 0, and

o(k) = = sgnk(l(k + vk®) tanhk )12 = o,(k) (32)

(31)

from Eq. (24). ¢, corresponds to right-running waves, and
o_ to left-running ones; both cases are possible.

Now, ¢, is odd and monotone increasing, and o_ is odd
and monotone decreasing. Consequently, whereas the o(k)
— o(k + rw) factor must be nonzero, the o(k) + o(k + rw)
factor will indeed be zerofor k = rw/2forr = £1, £2, ...,

Thus, for the case where § — 0 we must qualify our pre-
vious claim that flat-bottom stability implies wavy-bot-
tom stability. That is, it is valid for all 2 which are not
integer multiples of w/2; for these exceptional wave num-
bers our perturbation scheme is singular, and no conclu-
sion regarding stability can be drawn from the present
analysis.

The presence of a set of exceptional wave numbers is
found to persist for § > 0 as well, not only due to zeros of
the curly bracket in Eq. (30) but also because o_(k) even-
tually develops a kink as & increases (Fig. 2), so that the
first factor in Eq. (30) may also be zero at certain k’s (A
and B, i.e. in Fig. 2) if  is not too large.
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Appendix

In the paragraph following Eq. (27) we summarized the
results of calculations which we felt were too tedious to
include in the main body of the paper, and which led to
our claim that “if ¢ is real then all the 8,’s are too.” Here
we outline these calculations.

Of the three Egs. (20), consider for example Eq. (20b):

n-1

U
‘—hnx - nIZ": 2 7‘1271 - E
2 =0 0=7r<n
for n-r even

hn-r + Bn-rhr'r (Al)

We will need to know only the form of these various
terms, especially whether they are real or imaginary, and
this simplifies our task.

Let us denote any real linear combination of terms of
the form G;® expi[(k + pw)x — o7] = Gi° exp ap(x,7) in
which |p| < n, 0 <! < n, and |s| <1 by L(l,n;x); the =
dependence is not especially relevant here. G2 stands for
any of the three components of the G;2 vector. For exam-
ple, recalling from Eq. (21) that

n

h(x,7) = 23G, expa,(x,T)
j==n
we see that hp(x,7) = L(n,n;x), and that
P (%,T), hoelx, 7) = L (2,m5%) (A2)

for the first two terms in Eq. (Al). (Again, L denotes the
form of the quantity; two quantities having the same L
representation need not be identical.) Similarly, the last
term in Eq. (A1) is

E Bn-rhr-r = E

O=r<n Osr<n
for n-r even for n-r even

iL(r,7;x) (A3)

if we tentatively assume that all the 8’s are real.

Finally, we examine the form of the two I terms in Eq.
(A1). Recall Eq. (11). The coefficient ¢(gq), say, of A4 in
the expansion of [A2 + (1 — A sinw£)2]~1is

¢(g) = sin®wé times a function of A%2.  (A4)

Thus the integrand of Iz, see Eq. (11), is

I Eo g (&, T + A[iﬁ 57(5’7)]@‘?(")”}

in which the coefficient of A" is

T+ A L g E o0 1)

r=0

so that

2y = [ |26, + AL 5,00 1) Jie (a5)

Letting 6,E denote any real-valued odd and even func-
tions of £ — x, observe from Eq. (A4) that ¢(g) =
(sinw§)E. With the 1/A and A both equal to 8, and §E =
g, we have from Egs. (A5) and (20),

Y

"= [ [g(E, M8, + E,&,7) sin™wt Jods
where 6,, is the Kronecker delta. Now, in the product (n
Zrz0)

- . ne giwt _ pmiwt n-r r o s
g,(&,’r) sin""wf = (—22—————) E Griel[(kww)f o711

j==r

The exponents range from —i(n — r)wf§ + i[(k ~ rw)t —
ot toi(n — rwé + i[(k + rw)é — o7], ie., froma_,(£,7) to
on(£,7). Thus

Z,(&,7) sin"™"wE = i""L(r,n;¢)
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SO

©

rIZn = f [L(/Vy/rv‘g)Gnr + l‘""‘L (’V’n’g)]edg

-0

= i”"wa(r,n;é)edg (A6)

Butf ei[(kww)f-o‘r]g(g — x)dE __:f ei[(kww)(&x)-ﬁ]e(é-)dé-

w
— ei[(kww)x-oﬂf ei(kww)tg(g)dg

-co

_ iei[(kww)x-u-rlf sin(k + pw)cg(g)dg
SO -

f L(r,n;£)0dE = iL (v,n;x)
and Eq. (A6) becomes

L = "L (v n;x) (AT)
With Eqgs. (A2, A3, and A7), Eq. (Al) becomes

iL ;%) + iL (n,m;x) — %™ (n,m;%)

n-

= Oi”'r*iL(V,n;x)— 2 iL(r,7;x) (A8)
0<r<n

for n-r even

3
W

Looking at the last term on the right, note that with r <n
the range of ap’s in L(r,r;x) is included in the range of
ap’s in L(r,n;x), so that L(r,r;x) in Eq. (A8) can be re-
placed by L(r,n;x). Furthermore, : can be changed to
in-7+1 gince n — r is even. Thus the two terms on the
right side of Eq. (A8) can be combined, and Eq. (A8) be-
comes

n-

L(n,n;x) = / "L (v, m;x)

<
i

or

Lnn;x) = 22 Lrmx) + i 22
0=r<n 0=sr<n
for n-r odd

L (r,n;x) (A9)

for n-r even
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It turns out that the other Egs., (20a) and (20c), have
the same form as this. Observe that the left hand side of
Eq. (A9), and hence of Egs. (20) and (26), have real coef-
ficients for the GnP components, and the right hand sides
(i.e., the inhomogeneous terms) have imaginary coeffi-
cients for Gn-1P,Gn-3°, . . . , and real coefficients for

Grn-2°,Gn -4, . . ., as claimed in the paragraph following
Eq. (27).
Finally, the claim that Go?,G12, . .. are alternately pure-

ly real and imaginary can be proved by induction, starting
with the fact that Gg° is real (since the Ao matrix is real
and Eq. (23) is homogeneous, so Go® is an arbitrary con-
stant times a real vector, which we can assume to be
real), and using the information contained in the preced-
ing sentence.
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